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SPIN STRUCTURES ON 
SEIBERG-WITTEN MODULI SPACES 



HIROFUMI SASAHIRA* 



Abstract. Let M be an oriented closed 4- manifold with a spin c 
structure C. In this paper we prove that under a suitable condition 
for (M, £) the Seiberg-Witten moduli space has a canonical spin 
structure and its spin bordism class is an invariant of M. We 
show that the invariant of M = #j =1 Mj is non-trivial for some 
spin c structure when I is 2 or 3 and each Mj is a K3 surface 
or a product of two oriented closed surfaces of odd genus. As a 
corollary, we obtain the adjunction inequality for the 4-manifold. 
Moreover we calculate the Yamabe invariant of M#7Vi for some 
negative definite 4-manifold N±. We also show that M#Nz does 
not admit an Einstein metric for some negative definite 4-manifold 
N 2 . 

1. Introduction 

Since E. Witten introduced the Seiberg-Witten equations (|Wj), the 
moduli space of solutions to the equations has been applied to 4- 
dimensional topology. M. Furuta used the Seiberg-Witten equations 
themselves, rather than the moduli space, to obtain the 10/8 theorem 
([F]). Roughly speaking, the Seiberg-Witten moduli space is the zero 
locus of the map defining the equations, which we call the Seiberg- 
Witten map, between two Hilbert bundles over the Jacobian torus. 
Furuta used finite dimensional approximation of the Seiberg-Witten 
map to prove the 10/8 theorem. Moreover using finite dimensional 
approximation of the Seiberg-Witten map, S. Bauer and Furuta re- 
fined the Seiberg-Witten invariants ([BF]). The refined invariant is 
more powerful than the usual Seiberg-Witten invariant. There are 4- 
manifolds for which the usual Seiberg-Witten invariants vanish but the 
Bauer- Furuta invariants do not ([HI IFKMj ). It is, however, hard in 
general to detect the Bauer-Furuta invariants. 

To detect the Bauer-Furuta invariants explicitly, we define new in- 
variants for 4-manifolds. This invariant is weaker than the Bauer- 
Furuta invariant, but easier to treat, in particular when the first Betti 

2000 Mathematics Subject Classification. Primary 57R57; Secondary 53C25. 
* Partially supported by the 21th century COE program at Graduate School of 
Mathematical Sciences, the University of Tokyo. 



2 



H. SASAHIRA 



number of the 4-manifold is positive. An outline of the definition of 
the invariant is as follows. 

Let (M, g) be an oriented, closed 4- dimensional Riemannian manifold 
with b + (M) > 1, and C a spin c structure on M. We write Ind(D) 
for the index bundle of the Dirac operators parameterized by T = 
H X (M\ E)/if 1 (M; Z) (see gHZED • If ca(Ind(D)) = mod 2, then the 
Seiberg-Witten moduli space allows a spin structure, and a choice of 
square root of the determinant line bundle det Ind(-D) determines a spin 
structure of the moduli space. The spin bordism class of the moduli 
space is an invariant of M which depends only on C and the choice of 
square root of Ind(-D). 

We calculate the invariant for M = ^ =1 Mj when Mj is a K3 surface 
or a product of two oriented closed surfaces of odd genus, and I is 2 or 
3. We take a spin c structure on M of the form C = # l j =1 £j, where Cj is 
a spin c structure on Mj induced by a complex structure. We show that 
in this case ci(Ind(-D)) = mod 2 and our invariant is non-trivial. As 
an application, we obtain the adjunction inequality for such M, i.e., 
if an oriented closed surface E of positive genus is embedded in M 
satisfying that its self-intersection number E • E is nonnegative, then 
we have 



Here det£ is the determinant complex line bundle of £, and <?(£) is 
the genus of E. 

As another application, following Ishida and LeBrun's argument in 
[TL] . we compute the Yamabe invariant of Mj^Ni when N\ is an ori- 
ented, closed, negative definite 4-manifold admitting a Riemannian 
metric with scalar curvature nonnegative at each point. We also show 
that if N2 is an oriented, closed, negative definite 4-manifold satisfying 



then M#N 2 does not admit an Einstein metric, where t(N 2 ) and xi^) 
are the signature and the Euler number of N 2 respectively. 
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2. Finite dimensional approximations of the 
Seiberg-Witten map 

In this section, we review the definition of the Seiberg-Witten map 
and its finite dimensional approximation. We refer the readers to |BF] 
for details. 

2.1. The Seiberg-Witten map. Let M be an oriented, closed, con- 
nected 4-manifold and let g be a Riemannian metric on M. Assume 
that b + (M) > 1. Choose a spin c structure £ on M. We write S ± (C) for 
the positive and negative spinor bundles, and det £ for the determinant 
line bundle associated with C. 

Let k be an integer larger than or equal to 4 and set Q = {7 G 
L'l + i(M,U(l))\'y(xo) = 1} for a fixed base point xq G M. Fix a 

connection A on det£, and define T := (A + iKerd)/Q, where 
d : L\(T*M) -> Ll^k^M) is the exterior derivative. The action of 

7 G Q on A G (v4 + i Ker d) is defined by 
(2.1) 7A := A + 27^7. 

Put 

C(£) := L^(S' + (£) © T*M), 

y{£) := Ll^S-^C) © A+T*M) © H\(M) © (Lj^AO/R), 

where R represents the space of constant functions on M and H} g (M) is 
the space of harmonic 1-forms on M with respect to g. Let C(C) — > T 
and y(C) — > T be Hilbert bundles on T defined by 

C(£) := (Ao + iKerd) XgC(C), 

y{£) := (A + iKevd) * s y(C). 

The action of Q on (A + iKerc?) is given by (12.11) . We define actions 
of Q on L 2 k (S + (C)) and on L 2 ._ l {S~ {£,)) by fiber- wise scalar products. 
We define actions of Q on the other terms to be trivial. We define 
£/(l)-actions on C(£) and y(£) by scalar products on L 2 ,(S + (C)) and 
Ll^S-iC)) and set 

P := {(^,77) G ffiem(M) x L 2 k (A 2 T*M) \[rj}+ + [F Ao }+} , 

where Riem(M) is the space of Riemannian metrics on M, and [77]+ 
and [Fa ]+ are TC^(M) parts of 77 and respectively. For (t?, 77) G "P, 
we define the Seiberg-Witten map by 

SW g , v : C(C) — > 

(A, 0,o) 1 — ► (A, D A+ia cj), F^ +ia — q{4>) - r] + ,p(a), d*a), 
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where q((f>) is a quadratic form of and p : L\{T*M) — > H} g (M) 
is the L 2 -projection. The moduli space M.m(C, g, rj) of solutions to 
the Seiberg-Witten equations perturbed by (g, rj) is identified with 
SW-Jj(Q)/U{l) naturally. 

The following fact is well known. 

Theorem 2.1 ([KM]). For generic (g,r)) G V , A4m{£, g,v) ^ s a com- 
pact smooth manifold and an orientation on Hg(M;M.) © 7i+(M;IR) 
determines an orientation on .Mat (A g, rj). 

2.2. Finite dimensional approximation. We explain finite dimen- 
sional approximations of the Seiberg-Witten map briefly. 
Let V : C(C) — > y(£) be the linear part of the SW map: 

V: C(C) — > y(c) 

(A,(j),a) i — ► (A, Da_4>, d + a,p(a), d*a). 
By Kuiper's theorem |Ku] , we have a global trivialization of y(C) 

y(C) = TxH, 

where if is a Hilbert space. We fix a trivialization of y(£). Since y{C) 
has the complex part and the real part, H decomposes into the direct 
sum He © -Hr of a complex Hilbert space Hq and a real Hilbert space 
Hr. 

For a finite dimensional subspace W C H , let : 3^(£) = T x H ^ 
W be the projection. We denote p-^T x W) by JF(VF). Then we 
define f w : JF(W) -> W by 

f w=Pw o SW\ HW) : F{W) — W. 

Theorem 2.2 ([BFJ). Let IF + anc? J r (H / ) + fee £/ie one-point compact- 
ifications of W and J 7 (W). Then fw : T{W) — > PF induces a U{1)- 
equivariant map f w : JF(PF) + — ► PF + ; and there is a finite dimensional 
subspace W C H such that the following conditions are satisfied. 

(1) Im V + (T xW) = y{C). 

(2) For all finite dimensional subspace W C H such that W C W , 
the diagram 

T{wy — (W) + 



{F{W)@F{U))- 



{fw®PuT>W(u)Y 



(w®uy 
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is U(l)-equivariant homotopy commutative as pointed maps, where U 
is the orthogonal complement ofW in W. 

Definition 2.3. When W C H satisfies (1) and (2), we call f w : 
!F(W) — > W a finite dimensional approximation of the Seiberg-Witten 
map. 

3. Spin structures on moduli spaces 

In §3.11 by using finite dimensional approximation of the Seiberg- 
Witten map, we show a sufficient condition for the moduli space to be 
a spin manifold. In §3.2[ we will prove that the spin bordism class of 
the spin structure on the moduli space is an invariant of M. In §3.3[ 
we give some applications of this invariant. 

3.1. A sufficient condition for moduli space to have a spin 
structure. Let / = fw : V = T(W) — > W be a finite dimensional 
approximation of the Seiberg-Witten map. Note that V has a natural 
decomposition V = V<c@Vr into the direct sum of a complex vector 
bundle and a real vector bundle. Similarly decompose W as W = 
W c © W R . 

If we take a generic (g,rj) G V as in Theorem 12. 1[ M. M (C, g,rj) 
does not include reducible monopoles, hence / _1 (0) lies in Vi rr : = 
(V c \{0}) x T V R . Put V :=V irr /U{l) and M := f-\0)/U{l). We 
define a vector bundle E —* V by E := V irr Xu(i) W = E C Q) E R , where 
E c = V irr Xu(i) W c , E R = V irr x W R . Since / is [/(l)-equivariant, / 
induces a section s : V — > E. Then M. is the zero locus of s. If neces- 
sary, we perturb s on a compact subset in V so that s is transverse to 
the zero section of E and M. is a compact smooth submanifold of V. 

We can orient M. by using an orientation on Hg(X) © TC+(X) in 
the following way. The real part T> R of T> is independent of A G T 
and the cokernel is naturally identified with TC^(X). So Wm has the 
form H+(X) © and V R induces the isomorphism between each 
fiber of Vr and W^. (Hence Vr is a trivial vector bundle on T.) If we 
choose orientations on and TC^(X), we get an orientation on E R 
and orientations on Vr and Ti} g {X) compatible with £> K and O. T is 
naturally identified with H l (X; ~R)/H l (X; Z), so the tangent bundle 
T(T) of T has a natural trivialization T(T) = T x ^(XjM) = T x 
H} g (X). The orientation on Ti^{X) induces an orientation on T(T). 
These orientations induce an orientation on the tangent bundle TV 
by Lemma 13.41 below. The derivative of s induces an isomorphism 
between E\m an d the normal bundle M of A4 in V". The orientation 
on E induces an orientation on Af through this isomorphism, and we 
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have an orientation on Ai compatible with the decomposition TV\m — 
TM. @M. (It is easy to check that this orientation on M is independent 
of the choices of the orientations on and Ti+(X).) So we have the 
following. 

Lemma 3.1. A choice of orientation on H} g {X) © Ti.+ (X) induces an 
orientation on M . 

When TV and E have spin structures, we can equip M with a spin 
structure as in the case of orientation. The spin structure on E induces 
a spin structure on Af through the derivative of s. Since TV\m is the 
direct sum of TM and A/", spin structures on TV and M induce a spin 
structure on M, from the next well-known lemma. 

Lemma 3.2. Let X be a smooth manifold, Fi and F 2 be oriented vector 
bundles on X. If Fx and F 2 have spin structures, then spin structures 
on Fi and F 2 determine a spin structure on Fi@F 2 . If i*\ and i*\ © F 2 
have spin structures, then spin structures on i*\ and F x © F 2 determine 
a spin structure on F 2 naturally. 

Therefore we have shown the following. 

Lemma 3.3. Let f : V — > W be a finite dimensional approximation of 
the Seiberg-Witten map. Assume that TV and E have a spin structure. 
Choose spin structures s v and on TV and E. Then s v ,Sg and f 
induce a spin structure on M = / _1 (0)/{7(1). 

We calculate w 2 (TV) and w 2 (E) to know when TV and E have spin 
structures. 

Let a G Z be the index of the Dirac operator, let Ind-D e K(T) 
be the index bundle of the Dirac operators {DA}Aer parameterized by 
T. Then we have IndD = [V c ] - [C m ] £ K(T), V R = R n , W c = C m , 
W R = H+(X) © W^, dim = n for some m, n G Z> . 

Lemma 3.4. Let n : V — > T be the projection and define a complex 
line bundle H — > V by H := V irr Xu(i) C. Then there is a natural 
isomorphism 

TV © 1 = tt*T(T) © (tt*Vc © c H) © 7r*Vk. 

Proof. Let n irr : Vi„ T and p : Vi„ — > V = Vi rr /U{l) be the 
projections. Note that we have a £7(l)-equivariant isomorphism 

p*(TV) © 1 = TV jrr = vr* rr (T(T) © \/). 

where R stands for the [/(l)-orbit direction. Then by dividing by the 
£/(l)-actions, we obtain the required isomorphism. □ 
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By Lemma 13^41 and the triviality of Vr, we have w 2 (XV) = 7f*ci(Vc) + 
(m + a)ci(H) mod 2. By (1) in Theorem 12.21 Ci(Vc) is equal to 
Ci(Ind(.D)), thus we have 

(3.1) w 2 {TV)=Tt*c 1 (lnd{D)) + (m + a)c 1 {H) mod 2. 

T-J. Li and A. Liu calculated ci(Ind(D)) in |LLj as follows. 

Let {oij} 1 =1 be generators of if 1 (M;Z). Then we obtain a natural 
identification, 

T ^ H l {M; R) /H X (M; Z) = R 6l /Z bl = T bl . 

Let $ be a map M — > T bl = T given by 



This map is well defined by the Stokes theorem and induces the isomor- 



phism : H\T;Z) S H\M;Z). Set ^ = G ^(T;Z). 



Proposition 3.5 ( |LLj ). Let IndD G i^(T) fee the index bundle of the 
Dirac operators {-Da}agt parameterized by T . Then the first Chern 
class Ci(Ind(-D)) oflnd(D) is given by 



By the equation ( 13. ip and Proposition 13. 5[ we have the following. 
Lemma 3.6. The second Stiefel-Whiteny class of TV is given by 



where Cij := — (ci(det£)atia,j, [M]). 

On the other hand, by the definitions of E and H, we have E = 
mH®R n+b . Hence we obtain the following. 

Lemma 3.7. The second Stiefel-Whiteny class of E is given by 

W2(E) = mci(H) mod 2. 

By Lemma I3.3[ Lemma 13.61 and Lemma 13. 7\ we have the following. 

Proposition 3.8. Let f : V — > W be a finite dimensional approxi- 
mation of the Seiberg- Witten map such that m = dim c Wc is even. 
Then TV and E have a spin structure if the pair (M, C) satisfies the 
following conditions. 





w 2 (TV) = CijK*PiPj + (m + o)ci(ir) mod 2 



i<j 

1 , , , „, 



(*){ 



(*)i a = mod 2 

(*) 2 cy = mod 2 (Vi, j). 
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Moreover if we choose spin structures s v and Sg of TV and E, then 
s v , and f equip M. with a spin structure. 

3.2. Invariants for 4-manifolds defined by spin structures on 

M.. An orientation on 7i l g (M) © 7i^(M) determines an orientation on 
M. ( §3.11) . We will show that when the condition (*) is satisfied, a 
certain datum in addition to the orientation on TCg(M) © H+{M) de- 
termines a canonical spin structure on M.. The datum is actually a 
square root of det Ind(-D). To explain it, we need the following lemma. 

Lemma 3.9. Let X be a smooth manifold and F — > X be a complex 
bundle with C\(F) = mod 2. A choice of complex line bundle L — > X 
which satisfies L® 2 = det F naturally determines a spin structure on 
F. 

Proof. The 2-fold cover of U(n) is given by 

{(A,t) e U{n) x S 1 \detA = t 2 }, 

which is naturally regarded as a subgroup of Spin(2n). Take an open 
covering {Uj}j of X such that F and L have trivializations on each Uj. 
Fix hermitian metrics on F and L compatible with the identification 
L® 2 = det F . We denote transition functions on U fl Uj of F and L 
by gij : Ui fl Uj U{n) and : Z7j fl Uj — > S 1 . Then det = z 2 j, 
since det F = L® 2 . Put ^ = (gij,Zij) : Ui fl Uj — ► Spin(2n), then 
{(jij}ij satisfies the cocycle condition and determines a spin structure 
of F. □ 

When the condition (*) 2 is satisfied, then ci(Ind(£))) = mod 2. So 
we can take a complex line bundle L — > T such that L 02 = det Ind(D). 

Proposition 3.10. Assume that the pair (M,C) satisfies the condi- 
tions (*). Let f : V ^ W be a finite dimensional approximation of the 
Seiberg- Witten map such that m = dime Wq is even. Then the finite 
dimensional approximation f, an orientation O of TtUM) © TC^(M) 
and a complex line bundle L — > T which satisfies L® 2 = det Ind(D) 
determine a canonical spin structure on M. . 

Proof. Suppose that the pair (M,£) satisfies the condition (*). By 
Lemma [3731 spin structures on TV, E and a finite dimensional approx- 
imation / induce a canonical spin structure on A4. So it is sufficient to 
show that O and L induce spin structures on TV and E. By Lemma 
13.41 we have only to show that the choices of O and L induce spin 
structures on 7f*Vc ® H , Vr, T(T) and E. 

Since m is even and condition is satisfied, n*L © H® 111 ^ is a 
square root of det(vf*Vc ® H) = (tt* det V c ) © H®( m+a \ So by Lemma 
13.91 we have a spin structure on 7f*Vc <8> -H". 
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Recall that Wr is the direct sum 7i+(X) © W^. We fix orienta- 
tions on Tt+(X) and W^, then we have orientations on Vr and H^(X) 
compatible with £> K and O. (See §3.11 ) Since the real part X> K of 
T> is independent of A G T, Vr has a natural trivialization compat- 
ible with the orientation. This trivialization equips Vr with a spin 
structure. The tangent bundle T(T) of T has a natural trivialization 
T(T) = T x Wj(M) and the orientation orients T(T). So we 

have a spin structure on T(T) compatible with this trivialization. 

Lastly we consider E. Let Eq be the complex part of E, i.e. Eq = 
V irr Xu(i) C m . Since det E c = H® m , #®i is a square root of det£ c . 
So by Lemma 13.91 a spin structure of Ec is determined. Let E-r be the 
real part of E. Then E m = V irr x W R = V irr x (H+{X) © W^). Hence 
has a natural spin structure induced by the trivialization. 

We have seen that /, O and L determine a spin structure on M. if 
we choose orientations on Ttt(X) and W^. It is easy to see that this 
spin structure is independent of the choices of orientations on TC^(X) 
and W£. □ 

Let Ti : M. —>■ T be the restriction of the projection V — > T to Ai. 
We show that the class (M.,tt) G Q s / m (T) induced by f,0,L is an 
invariant of M. Here d is the dimension of M.. 

Theorem 3.11. Assume that the pair (M,C) satisfies the condition 
(*). The class (A4,ir) G Q s / m (T) which is induced by f,0,L is in- 
dependent of the perturbation (g, rj) G V and the finite dimensional 
approximation f . 

Proof. Fix (g,rj) G V, and take different finite dimensional approxima- 
tions fi : Vi — > Wi, (i = 0, 1) of the Seiberg-Witten map SW g , n . Denote 
/ i _1 (0)/?7(l) by A4{ and let 7ii be the restriction of the projections 
Vi — > T to Aii. By considering a larger finite dimensional approxi- 
mation / : V — > W with Vi C V and Wi C W, we can assume that 
Vq C Vi, Wq C Wi without loss of generality. 

Let V\ — V © V and W\ = W © W, then Ply induces an isomor- 
phism V = T x W. By Theorem 12.21 the maps 

(/o © Pw> ° : = (Vo © -> = (Wo © W) + 

are [/(l)-equivariantly homotopic each other as pointed maps. It is 
clear that the spin structure on Ai induced by fo@Pw' °T>\v is equal 
to one induced by f . Let h : [0, 1] x — > W± be a homotopy from 
(fo © T>) + to ft and set M := hr l (ti)/U{l). Let vf be the restriction 
of the projection V\ x [0, 1] — > T to A4. By using a parallel argument 
to introduce spin structures on>l and JAi, we can equip .M with a 



10 



H. SASAHIRA 



spin structure by using h, O and L. Then (A4,tt) is a spin bordism 
between (A4 ,tt ) and (Aii,TCi). This implies that when (g,rj) G V is 
fixed, the class (A4, 71) G fl s f m (T) is independent of a choice of /. 

Next choose two elements (go,r)o), (gi,r)i) G V. By the assumption 
b + (M) > 1, V is path connected, and there is a path {g(t),r}(t)) < t <i in 
P satisfying (g(i),r](i)) = (gi,r]i),(i = 0,1). We define parameterized 
Seiberg-Witten map 



in the obvious way. Let f : V W be a finite dimensional approxima- 
tion of SW. We can endow M. = /~ 1 (0)/f/(l) with a spin structure in 
the same way as in the case of M.. Denote ^{^xt and WIi^xt by Vi 
and Wi for i — 0, 1. Since /j := /|x^ : Vi — > Wi is a finite dimensional 
approximation of SW 9ij% , (.M,vr) is a bordism between (A^o^o) an d 
(A^i, 7Ti). It is showed that the class (Ai, ix) G Q s / m (T) is independent 
of a choice of (g,rj) eV. □ 

Definition 3.12. We write ctm(£,0, L) for the class in Q, s / in (T) rep- 
resented by the spin structure on M. induced by /, O, L and the re- 
striction 7r of the projection V — > T to M.. Here d is the dimension of 
M. 

3.3. Example. We give an example of calculation of the invariant de- 
fined in §3.21 For preparation, we show the following two lemmas. 

Lemma 3.13. Let Mj (i = 1,2) be an oriented closed 4-manij "old with 
b + (Mi) > 1 and let Li be a spin c structure on Mi. Assume that (M 1; Ci) 
and (M 2 , C 2 ) satisfy the conditions (*), then (Mi#M 2 , £±#£2) also 
satisfies the condition (*). 

Proof. The condition (*) 2 is satisfied for (Mi#M 2 , £i#£ 2 ) by the def- 
inition of Cij. The condition (*)i is satisfied for (Mi#M 2 , £i#£ 2 ) by 
the sum formula of the index of the Dirac operator. □ 

We write E 9 for an oriented closed surface of genus g. 

Lemma 3.14. Suppose M is a K3 surface or S g x Xy with g and g' 
odd. Let £ be a spin structure on M which is induced by the complex 
structure. Then (M,£) satisfies the condition (*). 

Proof. Note that Ci(det£) = — Ci(K M ). Let M be a K3 surface. The 
first Betti number of M is equal to 0, so the condition (*) 2 is satisfied. 
By the index theorem |ASj , the index of the Dirac operator is 



SW : [0, 1] x C{£) -> [0, 1] x y{£) 



a = 



Cl (det£) 2 
8 



t(M) - (3 - 19) 



8 



2 = mod 2. 
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Hence (M, C) satisfies the condition (*) when M is a K3 surface. 
Let M be Sj x E g / with g and g' odd. Then we have 

Cl (det C) = - Cl (K M ) = 2(1 - g)a + 2(1 - g')a' 

where a and a' are the standard generators of if 2 (E 9 ; Z) and H 2 (E g /] Z). 
Since g and g' are odd, we have ci(det C) = mod 4, and then 

Cy = - (ci(det £)ajQ;j, [M]) = mod 2, 

which implies the condition (*) 2 . 

By the index theorem, the index of the Dirac operator is given by 

_ ci(det C) 2 -r(M) _ Cl {detC) 2 
a ~ 8 ~ 8 ' 

Because Ci(det£) 2 = mod 16, we have a = mod 2. Hence the 
condition (*)i is satisfied. □ 

Let Mj be a K3 surface or S 9 x E fl /, where g, g' are odd. By Lemma 
13.131 and Lemma T3.141 the pair (# l jMj,# l jCj) satisfies the conditions 
(*), where Cj is a spin c structure on Mj induced by the complex struc- 
ture. We show that the invariant 0~#i_^ Mj (# l j =1 £j,O,L) is non-trivial 
when I is 2 or 3. 

Theorem 3.15. Let Mj be a K3 surface or H g x E g / with g,g' odd 
and Cj be a spin structure on Mj which is induced by the complex 
structure. Put M = j^ l j =x Mj and C = # l j=1 Cj for I = 2 or I = 3. 
Let a^ 4 (C,0, L) be the image of 0~m(£,O, L) under the natural map 
nj(lj -> nZTi*)- Then ^ L ) 18 non-trivial in Q s ^{*) = Z 2 . 

Proof. Let L — > T be a square root of detlnd(-D). If I = 2, the di- 
mension of the moduli space is one, so the invariant o~° M (C, O, L) is in 
the one dimensional spin bordism group f2f m (*) = Z 2 , and if I = 3, 
the invariant a° M (C, O, L) is in the two dimensional spin bordism group 
r22 Pm (*) = Z 2 . We will calculate the invariant for I = 2 for simplicity. 

Let fj : Vj —>■ Wj be a finite dimensional approximation of the 
Seiberg-Witten map on Mj such that m,j = dimW^c is even, and set 
/ = f x x f 2 : V = V x x V 2 -> W = W x x W 2 . ' We make use of 
Bauer's construction (Theorem 1.1 in [B]). Bauer proved that there is 
a finite dimensional approximation on M which is [/(l)-equivariantly 
homotopic to /. 

In general, for a Kahler surface M with b + (M) > 1 and a spin c struc- 
ture C on M induced by the complex structure, the Seiberg-Witten 
moduli space A4m(£, 9, v) consists of smooth one point, where g is the 
Kahler metric and rj is a suitable 2- form. See, for example, [Nj. Thus we 
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may assume that Aij = /■ 1 (0)/U(1) is one point. Hence /• 1 (0) = S 1 
and M = f- l (0)/U(l) d = (fx x f 2 )~ l (0)/U(l) d S\ where U(l) d is 
the diagonal of U(l) x U(l). For some tj G 3} = H 1 (M j ; R) /H\Mj-, Z), 
/j~ 1 (0) lies in a fiber V}^. of Vj — > 3}. Take a small open neighborhood of 
tj such that V^ l^. = Z7j x C mi+ty x R™, where aj is the index of the Dirac 
operator associated with Cj. Set Sj = Uj x (C m ' +a '\{0}) x R n i and 
S = rij=i ^7') then S has a {/(l^-action and a Z7 (1) x [/(l)-action. The 
£/(l)(2-action is defined by the scalar product on nj=i(^-- mj+a3 \{0})- 
And for (ai,a 2 ) G C/(l) x C/(l), we define the action of («i,a 2 ) on 5 
by the scalar product of a± on (C mi+ai \{0}) and the scalar product of 
a 2 on (C m2+a2 \{0}). Set S = S/U(l)_ d . 

We write £ for a spin structure on V = Vi rr /U{l) d induced by L. The 
restriction £\m of £ to M. is equal to (£!<?) |jw- Since H l (S; Z 2 ) = 0, 5 
has just one spin structure. So it is sufficient to consider the restriction 
of the unique spin structure on 5 to A1. 

Put U(l) q = U(l) x Z/(1)/Z7(l) d = (7(1), then the U(l)_x [/(l)-action 
on S induces a free t/(l) 9 -action on S 1 and S/U(l) q = Si x where 
5j = Sj/U(l) 2* £/,• x CP m ^ +a ^ 1 x R >0 x R n ^. Moreover this C/(l) 9 - 
action preserves M. d S and induces a free f/(l) ? -action on .M = S 1 . 
Since + Oj — 1 is odd, TSj has a spin structure. So T(S/U(l) q ) 
has a spin structure. Take a spin structure 77 on T(S/U(l) q ) © R. 
Let p : 5 — > S/U(l) q be the projection. Then there is a natural 
isomorphism T5 = p*(T(S/U(l) q ) © R). So p*(rf) is the unique spin 
structure £ on TS 1 . Because p is the projection 5 — > S/U(l) q , the 
C/(l) 5 -action on S lifts to an action on £ = p*(rj). So the {7(1) 9 - action 
on = S 1 lifts to an action on restriction of £\m- m the same way, 
we can prove that the C/(l) 9 -action on M. lifts to an action on the spin 
structure on E\m- Since f\s = fi\s 1 x /2U2 : ^ x ^2 Wi x is 
x [/(l)-equivariant, the i7(l) g -action on M. lifts to an action on 
the spin structure of H induced by / and the spin structure on E\ M . 
Therefore the C/(l) g -action on M. lifts to an action on the spin structure 
on A4 induced by /, O and L. Such a spin structure determines a non- 
trivial class in Q^ nn (*) = Z 2 , so a° M (C, 0,L) is non-trivial class in 
tlf n (*) (See m)- 

In the case of I = 3, A4 is the 2-dimensional torus if we perturb the 
equations suitably. We can show that the spin structure on M. is the 
Lie group spin structure as in the case of I = 2 and the spin bordism 
class a° M (C, O, L) is non-trivial in Vt s 2 pm (*) = Z 2 . □ 

Remark 3.16. Let / be larger or equal to 4. Then we may assume that 
the moduli space is a (I — l)-dimensional torus T 1 ^ 1 . In the same way 
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as in Theorem 13.151 we can see that the spin structure on M. induced 
by /, O and L is equal to the spin structure induced by the Lie group 
structure of T . Such a spin structure is trivial in fif^\ n (*) if I is 
larger or equal to 4. Hence O, L) is trivial in f2f^\ n (*) when I is 

larger than or equal to 4. 

By Theorem 13.151 we obtain the adjunction inequality for M. See 
[KM] for proof. 

Corollary 3.17. Let Mj,M and £ be as in Theorem \3.1b\ Assume 
that an oriented, closed surface £ of positive genus is embedded in M 
and its self intersection number £ • £ is nonnegative. Then 



where g(£) is the genus o/£. 

There are applications of Theorem 13.151 to computation of the Yam- 
abe invariant and nonexistence of Einstein metric. 

Definition 3.18. Let M be an oriented, closed 4-manifold. Then the 
Yamabe invariant of M is defined by 



where Conf (M) is the space of conformal classes of Riemannian metrics 
on M, s g is the scalar curvature and d\i g is the volume form of g. 

Theorem 3.19. Let Mj and M be as in Theorem \3.15[ and N± an 

oriented, closed, negative definite 4-manifold admitting a Riemannian 
metric with scalar curvature nonnegative at each point. Then 



Theorem 3.20. Let Mj and M be as in Theorem\3JR If N 2 be an 
oriented, closed, negative definite 4-manifold satisfying 



then M#A^2 does not admit an Einstein metric. 

Proof of Theorem \3.19\ and Theorem \3.2(K In [IL] , Ishida and Le- 
Brun showed a similar statement under a somewhat different assump- 
tion (Theorem D). The main point of their argument is non- vanishing 
of the Bauer- Furuta invariant. In our case, the invariant aM{C,0, L) 



E • E < (ci(det £), [£]) + 2#(E) - 2, 



y(M) 



■ t §M s 9 ( ^l J, g 
sup ml r 

7 eConf(A/)367 (j M dfl g )~ 2 




(3.2) 



41 - (2 X (N 2 ) + 3t(N 2 )) >-J2 ci(M,) 2 
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is non-trivial. Hence we can apply their argument to our situation. □ 

On the other hand, there is a topological obstruction for 4-manifolds 
to have an Einstein metric QHJ). 

Theorem 3.21 (Hitchin-Thorpe inequality [H]). Let X be an oriented 
closed 4-manifold admitting an Einstein metric, then 

(3.3) 3\r(X)\<2 X {X). 

Example 3.22. Let Mj = £ 9i x £ g / for positive odd integers g^g^, let 

M = M±#M 2 and let N = (# r CP^)#(# s »S 1 x S 3 ). Then b + (N) = 

g 

and the inequality (13.21) is satisfied if r > -G — 4s — 4, where G : = 

3 

2 

^2(gi - l)(g'i - 1). By Theorem ET2D1 X = M#N does not admit 

i=l 

g 

an Einstein metric when r > —G — 4s — 4. On the other hand, if 

r < 8G — 4s — 4, then X satisfies the Hitchin-Thorpe inequality (13. 3p . 
Thus if 

-G - 4s - 4 < r < 8G - 4s - 4, 
3 ~ ~ 

X satisfies the Hitchin-Thorpe inequality, but does not admit an Ein- 
stein metric. 
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